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Characteristics of Transi~nt Heat Conduction Systems 
in the ~Hgh or Lor1 mot r·~umbor ncgion 
There a r e five groups of parameters which must 
be considered in the transi ent heat conduction sys
tem: the characteris tic dimension of the body, R, 
and the position variable, r; the body properties-
thermal conductivity, k, and the rmal capacitance, 
p C ; the external film coefficient, h; the time, t; 

p 
and the dimens ionless temperature change of the 

T - T 
body, the unaccomplished temperature, T

1 
_ T -. 

1 0 
A transient heat conduction system usually 

consists of two basic thermal resistances, the ex
tenlal resistance, 1/ h, and the internal resistance, 

:. The ratio of the internal to the ext ernal re

s is tances, ~R is the Biot Number, NBi" Obviously 

the NBi is a positive number with limits between 

zero (no internal resistance-Ne\vtonian system) 
and infinity (no external r esis tance). The NBi is 

usually needed wher e one of the boundary con
ditions of the system is a convective boundary 
condition (Eq lc). For cx:.1mple, a very common 
case of aperi odic transient heating is tha t of a 
body initially at a uniform temperature, T , sud-

o 
dcnly exposed to a new constant temperature, T 

1
. 

The initial and boundary conditions of such a case 
may be written as follows: 

Initial condition: 
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T=T 
0 

at t = 0 for all r (la) 

Boundary condition 

o T = O 
a r 

a t r = 0 fort> 0 (lb) 

-k aT ( - = h T -T ) at r = R ar 1 for t > 0 (lc) 

Assumlng constantproperties, only conduction 
heating, and no generation of internal energy, the 
exact s olution fot• the three major one-dimensional 
heat flow shap es, the sphere, the infinite cylitlder 
and the infinite s lab having the above-me,ltioned 
initial and boundary conditions has the following 
general form: 

T-T co -12] -:T----'T'- = 1 i e 
0 1 

i = 1 

fJ 2i at 
-;r 

(2) 

The NBi appear s in the transcendental equation 

where the positive roots, 13
1
, are needed fo r the 

m.tmerical computation of the tra nsient heat trans
fer syst em (Eq 2). For the example, the t ranscend
ental equations for the infinite slab, infinite cylinder 
and s phere arc: 

Infinite sl~b 

Infinite cylinder 

Sphere N . ~= 1 - A cot (3 . 
D 1 1 1 

(3a) 

(3b) 

{3c) 

Theoretically, the exac t numerical solution 
consists of an infinite number of cons ecutiv e pos
itive roots ({31, 132, {33 , . . . ) a ll satis fying the ap-



propriate transcendental equation. The number of 
root values needed to obtain a certain accuracy de
pends mainly on the magnitude of the time value, t. 
After a certain length of time has elapsed, the 
series -type exponential solution converges rapidly, 
and all the terms, except the first, (which consists 
of {3 

1
) become negligible and Eq 1 simplifies to Eq 

4. 
2 

T-T1 . -fj 1 at 

To-Tl"'l1e R2 (4) 

As mentioned previously, the NB. is the ratio 
. R l 

of the internal resistance, k' to the external re-

sistance, 1/ h. The significance of a system hav
inga high or lo\v NBi is that one of the two thermal 

resistances of the system is relatively high com
pared to the other, and it is the higher resistance 
that will control the overall heat flow . When a 
transient heat transfer system has a high or low 
NBi' it is possible to derive simple useful alge-

braic relationships between the physical and geo
metric properties of the system and the tempera
ture change. 

An important and useful parameter that can be 
used to describe the rate oftransient conduction heat 
transfer is the temperature-response-parameter, 
f. This variable was introduced by Ball (1923), 1 

but the name temperatut·e response parameter was 
suggested, and its dimensionless analysis was done 
by Kopelman (1966). 2 The temperature response
parameter is a very convenient practical term for 
describing the transient system since with a single 
term having a time dimension we can describe a 
90% change in temperature difference on the linear 
portion of the curve when lhe logarithm of the tem
perature difference is plotted vs time . This term 
incorporates the thermal properties of the body, 
its geometric characteristic and the thermal prop
erties of the external system, and describes the 
transient heat conduction system just as the over
all heat transfer coefficient, U, describes the 
steady-state system. It has been shown (Pflug et 
al., 1965) 3 that the temperature-response-para
meter is related to the transient heat conduction 
parameters in the following dimensionless form: 

fa 1n (10) 

R2 = /3 ~ (5) 

Eq 4, which is the first term approximation of 
the series solution and beyond a certain time is the 
actual cooling or heating curve, can be descl'ibcd 
by two parameters: the temperature- response-· 
parameter, f, the direction function, and the j 
parametcr, which is the intercept function . The f 
of the straight line scmilogarithmic cooling or 
heating curve, is independent of the point of mea
surement since the slope term does not contain a 
position variable. The j term, however, does de
pend on location since it contains the position var
iable r / R. The complete set of equations describ
ing j and the figures where the mass-average j, 

the j at the geometric center and the j at the sur
face are plotted vs N81 are given by Pflug et al . 
(1965) .3 

In this paper, we shall analyze the character
istics of the temperature-response-parameter, f, 
in the high and low Biot Number regions. The anal
ysis regarding the various j 's in the high or low 
Biot Number regions is simpler and less signifi
cant, and will be menhoned briefly at the end of 
this analysis. These conclusions regarding the 
various j can be obtained immediately by observa
tion of the figures mentioned above. 

While there is a single solution for the three 
common geometries, the value of the root number, 
fjl, is different for each geometric configuration, 

since it is obtained for each shape by solving the 
appropriate transcendental equation. The root val
ue,,81, has very little ~hysical meaning, and since 

it is a function of the NB: alone, it is more de-
. 1 fe( 

sirable to plot Eq 5 

(Pflug et at., 1965) .3 

m the form of R2 vs . NBi 

. f a 
In Figure 1, 2 vs NB. 
. R t 

are shown for the three basic one-dimensional heat 
flow geometries: infinite slab, infinite cylinder 
and sphci·e. 

When the NBi is either large or small, the 

solution of Eq 5 described in Fig. 1 has some in
terestingand u seful properties. Let us character.
ize the zones at the extreme ends of these curves . 

HIGH NBi 

By inspection of the transcendental equations for 
infinite slab, infinite cylinder and sphere (Eqs 3a, 
3b, 3c), we can see that for high NBi values the 

root, {31' approaches a max. value of w/2, 2. 4048 . .. 

and w, respectively. By substituting the values of 
11/2, 2 . 4048 and 1T into the exact solution (Eq 5), we 

find the respective asympotic values f ~ to be: 

4 1n (10) 
2 

11 

infinite slab 

ln (10) 
2 

(2.4048). 

infinite cylinder 

R 

1n (10) 
2 

1T 

sphere 

By inspecting the high NBi asymptotic lines, 

shown in Fig. 1, we can see that for practical use 
the exact solution of the curve can be taken as the 
asymptotic value when the NBi exceeds 50. This 

means that in a system where NB. exceeds 50, the 
. 1 

ratio between the f value for a sphere, infinite cy
linder and infinite slab having the same character
istic dimens ions will be: 

1 
2 

17 

1 

sphere 

1 

(2. 4048)2 

1. 705 

infinite cylinder 

1 

(rr/2)
2 

4 

infinite slab 
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Since in high N Bi system . ~; is constant, the 

following relationships for the respective geometry 
regax·ding f can be observed: 

1. The f value is inversely proportional to the. 
thermal diffusivity. 

2. The f value is independent of the N Bi (the 

root value {3
1 

is constant) therefore, indepen

dent of the film coefficient h. (This means that 
increasi:•,; h does not improve the total heat trans
fer in the high NBi system). 

3. The f value for a defined geometry is pro
portional to the squa1·e of the characteristic di
mension. 

LOW NBi 

In the low N Bi system, the exterior resistance 

dominates, and since the internal resistance is re
latively low, the temperature profile within the in
terior part of the system is small. Therefore, the 
interior temperature can be considered to be uni
form. In this case, the heat balance may be writ
ten as follows: 

dT 
V p Cp dt =A h (T

5
- T) 

(6) 

Integration of T with respect to twill give: 

T" t" 
-V p Cp 1n (10) log [T 1-T] T' = [t] t' 

A h (7) 

- V p C ln (10) p 
Ah 

log T 1 - T" 
= t" -t' 

'f 1 - T' 

" 

(8) 

" I Tl-T 
By definition t - t "'f when T _ T' = 0.1 

1 

Inserting this value into Eq 8 and rearranging, 
we obtain 

1n (10) PC V 
f = h P A (9) 

Eq9 and the following derivations are import
ant in unders ta nding and interpreting the heat flow 
mechanism in the low NBi system. We shall prove 

that Eq 9, which was derived on the single assump
tion that no te!nperature gradient exists in the in
terior of the body, can be derived from the exact 
tmstcady state solution for the sphere, infinite cy
linder and infinite slab. Eq 9 can be r earranged 
in a dimensionless form by multiplying and divid
ing the rilJht side of Ec1!) hy H.2/ k 

C R2 
p p 

f = 1n (10) k V 

h R A 
-k-
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(10) 

Since a= P i;--and N Bi = hkR, rearrangement 
p 

of Eq 10 yields 

f a_ ln(10) V 

R
2 

- NBiR A 

or 

f a ln (10) -:r=--
R CNBi 

where C- R ~ 

(11) 

(12a) 

{12b) 

For example, the respective values of C for a 
sphere, infinite cylinder and infinite slab are: 

2 
sphere R 4 

1T R = 3 (13a) 
.! 11 R3 . 

infinite cylinder 

infinite slab 

3 

R21TRL 

11 R
2 

L 

R2ab " 1 
2 a b R 

=2 
(13b) 

(13c) 

by substituting the value of C in Eq 12a we get 

f a= 1n (10) 

R2 3 NBi 
sphere 

(14a) 

f a _ 1n (10) 
-2 ---
R 2 NBi 

infinite cylinder 
{14b) 

f a ln(lO) 
-2 =--
R NBi 

infinite slab 

(14c) 

The expressions of f ; for the sphere, infin-
R 

ite slab as shown in eqs 14a, 14b and 14c, were 
obtained by the single assumption that there is no 
temperature gradient along the body. We can show 
that these equations can be ob.taincd from the ex-

act solution f~ = 1n po) (Eq 5) ~Y expanding the 

R ,Sl 

appropriate transcendental equation. 

FOR THESPHERE 

Transcendental eq\Jation NBi = 1- f31 cot {3 1• By 

expanding cot {3 1 we get: 

NB. = 1 - {31 (_!_ - /31 - {3 
3
1 · ) 

1 ·131 3 45.. .. {15) 

Since in low NBl thc.{31 is small, ,831 << {31 

and Eq 15 may be :tpproximatcd by: 

2 2 
N Bi ""' 1 - 1 + {3 1 ~ ,8 1 T-3 

(16) 



FOR IN FINITE CYLINDER 

J 1 (.Bl) 
Transcendental equation, NBi = 131 J (13 ) , 

0 1 
whC>rc J

0
(f3

1
) and J 1(.B 1) arc Bcsselfunctions oflhe 

firsl kind of orde r zero and one, r espective ly. For 
small values of {3

1 
the1valucs arc ca.lculatcd (Hilde-

brand, 1963) 4 from J ({3) ,., _L1,BP
1
. and the r efore 

p 2P p .. 

when {3 
1 

approaches zero, J 
0 
(a1) ---7 1 and J 1 ([31) 

~13/2, which means that for low NBi in a cy

lindrical shape 

NBi "=' /\ (f3/2) 

2 
P1 ~ 2 NBi 

FOR INFINITE SLAD 

(17) 

Transcendental equation NBi = fJ 1 tan fJ1• When f3 1 is 

small fJ 1 "" tan .a1 and therefore 

2 
NBi""' .81 (18) 

Inserting the approximate value of {J~ for the 

sphere, infinite cylinder and infinite slab, as ap
pears in Eqs 16, 17 and 18, into the exact solution 
(Bq 5) yields equations identical to Eqs 14a, 14b 
and 14c. 

The general relationship of the system prop-

erties in low N Bi system is ~~ = 
1~ ~~:· Taking 

the logarithm of both sides of the above expression 
we have 

log~~ =-log NBi +log 1nc(10} (19) 

This means that when log f ; is plotted vs. 
R 

log NBi, the curve in the low NBi region will ap

proach a straight line (slope = - 1}. This is an 
asymptotic line for the curve described by the ex
act solution (Eq 5) . By applying the appropriate 
n1;1mcrical value of C we draw in Fig. 1 the asym
ptotic lines for a sphere, infinite cylinder and in
finite slal• . By inspecting the asymptotic lines in 
the low NBi region drawn in Fig. 1, we can s ec 

that for practical use, when the NBi is below 0. 2 

fo1· a spher e or infinite cylinder, and below 0.1 fo r 
and infinite slab, the curve describing the exact 
solution (Eq 5) can be taken to be identical to the 
asymptotic straight line (Eq 12a.) , and the· Eqs 14a, 
l4b , a nd 14c can be used in the heat transf(• r cal 
culatiuns, 
. From the analysis nwdc:> for the low NBi sys-

ll·m, we can sec that: 
1n (10) pC 

1. From Eq 9, f = ·n-__ P_ * und er the 

•.. ... 10 .0 ... 

f 
Fig. 1 NBi vs ~for infinite slab, infinite cylinder 

R 
and sphere 

same conditions (h and NBi are constant) the ratio 

between the f values of various bodies , no matter 
how irregular their shape , is proportional to the 
ratio between their volume/surface area.. (If we 
compare the f value of a sphere, infinite cylinder 
and infinite slab having the same characteristic 
dimension, we find the ratio to b e equal to 1 : 1. 5 
: 3, respectively, which can be observed immedi
ately through inspection of Eqs 14a, 14b and 14c. ) 

2. For the same geometry, the f will be pro
portional to any chosen, but fixed, characteristic 
dimension to the pow er of 1 (ra ther than the power 
of 2 as in case of high NBi systems) . 

3. From Eq 9 we can see that the f is propor
tional to the heat capacitance, p C (rather than 

pC p ' 
the k P =~in case of high NBi systems), which 

shows that in low N Bi systems a temperature

change comparison between two bodies should be 
made with respect to their thermal capacitance, 
pCP, rather than their thermal diffusivity, 0 • In 

an air-cooled room (air flow by natural convection), 
for example, it will take copper, reg-ardless of its 
well-known high thermal conductivity and thermal 
diffusivity, about the same time to cool as an apple, 
both having the same dimension. If we compare a 
3 in. diameter apple assumed to have p = 50 lb/ 
cu ft, C = 0. 85 Btu/ lb/ F and k = 0. 2 Btu/ hr/ ft/ F 

p 
wilh a coppL•r sphere having the same diameter a nd · 
assumed lo have p = 559 lb/ cu ft , C = 0. 0915 Dtu/ 

p 
lb/ F and k = 223 Btu / hr/ ft/F both cooling w1der 
natural convection conditions (assumed h =1. 0 
Btu/ hr/sq ft/ F, the f value for the exact solution 
is about 4. 9 and 4. 6 hr for the copper and the ap
ple, respectively. 

4. f is inversely proportional to h. (The f 
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was independent of the h in the case of high ~i 

systems, but in the low NBi system it is important 

to improve the extedor film, coefficient in order 
to increase the overall rate of heat flow.) 

5, ~ vs N
8

. on log - lo.g scale for any ir-
R 1 

regular shape, can be described by simply choos
ing an arbitr~ ry characteristic dim ens ion and us-

ing it consistently for the computation of k a , NBi 

and C. (The lines for the different shapes will be 
parallel with s slope of -1, each having a different 
intercept with the ordinate.) 

A comparision of the most important proper
ties of low and high N Bi heat conduction systems 

is summarized in Table 1. 

DISCUSSION 

The heat transfer medium in systems where food 
products arc heated or cooled is usually steam, 
water or air. In all cases where water or steam 
is the heat transfer medium, the system can be 
considered to be a "high N

8
i system". 

It is more difficult to make a ~= i rnilar gener
alization of a "low N

81 
system" whe .·,~ air is used, 

in spite of the fact that in many cases the system 
is or app1·oaches a "low N

81 
::;ystem". We would 

like to point out, however, that the restrictions 
regarding NBi <0. 2 or NBi > 50 should not dis-

courage us from evaluating the magnitude and/or 
the importance of the various parameters of sys
tems where their N Bi has a value between these 

limits . For example, we can compare the f value 
of two potatoes (k = 0. 3 Btu/hr/ft/F) two in. and 
four in. dia, both cooked in an oven (h = 1 Btu/hr/ 
sq ft/f) and boiled in water (h > 300 Btu/hr/sq It/ 
F). In this case, we can say that the f value of 
the four in. potato will be just about" four times as 
large· as the f value of the two in. potato when both 
are boiled in water (N

8 
. ..,. 83), and slightly more 

. 1 

than twice as much (NB. 0. 55) if both are cooked 
l"':: 

in the oven. Similar results will be obtained if 
instead of the sphere we are· dealing with a finite 
cylinder or rectangular parallelepiped. 

It is quite obvious that one of ·the most im
portant steps in designing and understanding a 
transient heat transfer system is to evaluate the 
NBi of the system. Knowing the N

81 
of the sys-

tem will allow us to point out the relative import
ance of the various physical properties of the sys
tem, and consequently, will show the most logical 
steps to scale up or to improve the system. The 
importance of the various physical properties can 
be interpreted from the previous analysis sum
m:tdzed in Table I. 

Let us take an example. A food product ex
posed to a high film coefficient heat trans fer medi
um such as water or steam is being processed. 
The Nm in such cases is high and the f value will 

be almost independent of the exterior film coeffic
ient. Practically, this means that a substantial 

IV. 4. 5 

improvement of the exterior film coefficient (by 
mixing or increasing the flow) will only slightly 
improve the rate of heating. Since f, in the high 

NBi systems, is propodional to R
2
: it is the di

mension of the body, R, which is the important 
criterion, and will control the rate of heat penetra
tion. If the NBi of the system is low, the import-

ance of the dimension, R, and the film coefficient 
h, is about the same (power of 1). Mathematic an; 
speaking, we may say that by going from a high N Bi 

to a lo~ N
81 

system, the power of proportionality 

of the dimension was decreased !rom 2 to 1, while 
the power of propo1·tionality of the film coefficient 
was increased from 0 to 1. Similar observation re
garding the relative importance of the thermal 
prope1·ties on the rate of heat penetration can be 
observed from Table I. 

In many cases, the ratio between the main a.xes 
of the body is not large enough (usually a ratio of 
6:1 is needed) to consider the heat flow in the body 
to be one dimensional. But, since under similar 
boundary conditions the . solution (Eq 2) for sim
ple composite shapes (finite cylinder, rectangular 
parallelepiped, cube) are the product of the in
dividual solution in the respective direction (Car
slaw and Jaeger, 1959),5 (Pflug, et at., 1965),3 the 
previous analysis for the one-dimensional problem 
will hold for two or three-dimensional Gystems as 
well. 

The value of j in the low or high Biot Number 
regions may be obtained immediately from the cur
ves of the various j 's vs N Bi. Looking at these 

curves, we may see that j reaches a constant value 
for most cases, depending on the shape of the ob
ject. 

CONCLUSIONS 

The analysis of transient heat conduction in low and 
highNBi systems was conducted. It was shown that 

the curve, ~ vs NB.' plotted on a log-log scale, 
R l 

describing the r e lationship between the temperature 
response parameter, f, and the porpcrties of the 
transient heat conduction system for each of the 
three basic one-dimensional geometries, is asym
totically bounded by two intersecting straight lines, 
the angle between which is 3/4 1r. The asymtotic 
value of these lines are 0 and "' , r espectively. 
Practically, the asymptotic coincidence with the 
curve can be assumed to be valid when NBi> 50 for 

high NB-i or NBi < 0. 2 for the low NBi. In any sys

tem having NB. close to or beyond the points of 
1 ' 

practical coincidence, the relationships between 
the temperature r esponse parameter, f, and the 
physical properties of the transient heat conduction 
s ystem can be 1·educed to a simple algebraic fornt. 
It was shown that in a high NBi sys tem, the tem-

perature r espons e parameter, f, is independent of 
NBi (or the film coefficient h) and is propol'tional 

c p 
to _P_ (the reciprocal of the thermal diffusivity) 

k 



... I"" In a low N system, the f is inversely anu ~-· Bi 
proportionalto N Bi (or h), but directly proportional 

to c p (thermal capacitance) and R. The ratio 

bclw~cn the f values of a sphere to an infinite cy
linder to an infinite slab was fotmd to be 1:1.5-1. 7: 
3-1 respectively (the low ratio values are for the 
NBi, systems where the large ratio values are for 

the low NBi systems). 
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NOMENCLATURE 
A 

a 
b 
c 

Surface area of the body 
Width of slab 
Length of slab 
Coefficient, C = R A 

v 

sq ft 
ft 
ft 
dimensionless 

C Specific hc;tt 
p 

f Temperature response para
meter; the time required for 
a !J01,~ change in the tempera
ture difference on the linear 
portion of the heating curve 

h Surface film coefficient 
J (/3.) Nth order, bessel function of 
n 1 the body 

j - Lag factor 
k Thermal conductivity of llte 

body 
L Height of cylinder 
NJ3i Biot Number,~ 

k 
R Radius of sphere or cylinder; 

half the thickness of slab; any 
chosen characteristic geo
metric dimension 

r. 

T 

t 
v 
a 

f3n 

TT 

p 

Variable geometric position 
measured froJll the center for 
a given configuration 
Temperature; T, body tem
perature; T , initial tempera-

o 
ture of the body; T 

1
, heating 

media temperature 
time 
Volwnc 
Thermal diffusivity, = k 

Cpp 

Nth root of the boundary 
equation 
3.14159 • •• 
Density of the body 

Table I. Some Properties of Low and High NBi System 

f a 
R2 

f 

f 

f 

c 
f ratio 
between the 
three shapes 

{3 1 approaches 

N Bi appro:tches 

High NB. . 1 

NBi >50 

constant 

independent of 
NBi or h 

proportional to 
Cpp 

k 

proportional to R
2 

S h Infinite Infinite 
p ere 1. d slab cy m cr 

l 1.7 4 

71 2.4048 11 / 12 

Q) "' co 

Low NBi 

NBi < 0.2 

ln10 
C NBi 

inversely proportional 
to NBi or h 

proportional to Cpp 

proportional to R 

S h Infini to p ere cylinder 
Infinite 
slab 

3 2 1 

1 1.5 3 

0 0 0 

{3~/3 rl /2 1 l l 

Btu/lb/1•' 

hr 
Dtu/hr/sq ft/F 

dimens ionless 

Dtu/hr/ ft/F 
Ct 
dimensionless 

ft 

ft 

F 
hr 
Cll ft 

~ 
hr 

lb /cu ft 
m 
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